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Fully Steerable Collocated First-Order Cardioid Microphone
Array Acoustic Beam-Pattern
Abstract. In the paper, a data-independent beamforming method capable of fully steering the mainlobe of the ﬁrst-order cardioid triad is presented.
This proposed method exploits the multi-pattern operating mode of the dual-diaphragm microphones design of some ﬁrst-order cardioid microphones
to extend the polar-azimuth space in to which the mainlobe of such cardioid triad to the full sphere. The beamwidth and directivity of the proposed
collocated array are derived and analyzed.
Streszczenie. W artykule przedstawiono niezależny od sygnału wejściowego układ mikrofonów pojemnościowych umożliwiajacych
˛
wsterowanie listka
głównego systemu cardioid (w kształcie serca) pierwszego rz˛edu. Wykorzystano mikrofon z dwoma diafragmami i wieloma czujnikami. (W pełni
sterowalny, niezależny od sygnału wejściowego kolokacyjny mikrofon typu cardioid)
Keywords: cardioid microphones, acoustic beam focusing, acoustic beam steering, acoustic signal processing, array signal processing, directional
sensors,
Słowa kluczowe: mikrofon typu cardioid, strumień akustyczny, czujniki pojemnościowe

The Collocated Directional Sensor Array
Signal processing for arrays of spatially displaced sensors is usually frequency-dependent and can be complicated
due to the ultra-wide band of acoustic signal. The frequency
dependence of the array manifolds of such arrays emanates
from the phase factor introduced by the spatial displacement
of the constituent sensors, hence an array of spatially collocated sensors will eliminate the frequency dependence of the
array manifold [1–3]. The concept of collocating directional
sensors in orthogonal orientation has been proposed as the
acoustic vector sensor/hydrophone in [3, 4]. The acoustic particle-velocity sensor has been implemented in Swallow ﬂoat [5, 6], DIFAR (DIrectional Frequency Analysis and
Recording) [7], and in other different forms in [8–12].
However, this method of eliminating the frequency dependence of the array manifold comes with a reduction in
the aperture size of the array which translates to wide main
lobes of its beam pattern. The use of microphones of relatively high directivity produces relatively narrower main lobes
in the beam pattern of collocated microphone arrays. The
ﬁrst-order cardioid microphones are a family of highly directional microphones [13]. A collocated array of three ﬁrst-order
cardioid microphones whose constituent sensors are orthogonal was ﬁrst proposed, and its spatial matched ﬁlter beam
pattern studied by Wong et.al [1]. This beam pattern was
shown to suffer from an inherent pointing bias and the inability of its mainlobe to be steered to all directions in the spherical coordinates. Another form of beamformer was proposed
by Nnonyelu et. al [2] to eliminate the pointing bias but this array still suffers from an inability to be steered to all directions.
This paper proposes a method that exploits the advantages
of the dual-diaphragm microphones design or the differential
microphone design of the ﬁrst-order cardioid microphones to
make the mainlobe of such ﬁrst-order cardioid triad continuously steerable to any direction and with no pointing bias.
The Dual-Diaphragm Microphones
The ﬁrst-order cardioid microphones can be realized in
two ways: (a) as the weighted sum of the outputs of a
pressure diaphragm (omnidirectional) and pressure-gradient
diaphragm (ﬁgure-8) [13, see Chapter 5], (b) by acoustically delaying the wave incident from the rear of a singlediaphragm microphone; the front of the diaphragm is at 0◦
while the rear is at some angle between 0◦ and 180◦ [14].
The cardioid response pattern can also be realized by using

dual diaphragm approach as proposed and studied in [15].
Torio and Segota [15] showed that the dual-diaphragm design exhibits cardioid pattern at both higher and lower frequencies, almost independent of source proximity. Fig. 1
shows a sketch of the dual-diaphragm capsule. With the
proper acoustic resistance and compliance, the desired ﬁrstorder unidirectional shape can be achieved.

Fig. 1. A sketch of a dual-diaphragm capsule (Source: Torio and
Segota 2000 [15]).

In multi-pattern operation mode, one diaphragm of the
dual-diaphragm capsule can be used at a time, making it possible to have a cardioid polar pattern whose main axis can
point in both front or rear direction. This polar gain pattern is
mathematically represented as
(1)

a = α + sign(ξ)(1 − α) cos ψ

where ψ ∈ [0, 2π] is the angle between the direction of arrival and the axis of the sensor, and ξ ∈ R can be called
the diaphragm selector. When ξ > 0, the front cardioid pattern is obtained; when ξ < 0, the rear cardioid pattern is
obtained; and when ξ = 0, an omnidirectional pattern is obtained. Fig. 2 shows the plot of the gain pattern against the
angle ψ for the hypercardioid and standard cardioid for both
front and rear patterns.
The Cardioid Triad Array Manifold
Collocate and orient three of the dual-diaphragm cardioid microphones described in Section along the three axes
of the Cartesian coordinates. The array manifold of such triad
is given as

⎡

(2) a(θ, φ)
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=

⎤
α + sign(ξ)(1 − α) cos(φ) sin(θ)
⎣ α + sign(ξ)(1 − α) sin(φ) sin(θ) ⎦
α + sign(ξ)(1 − α) cos(θ)
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The beamformer’s output is a dot product of
vectors, hence its maximum value occurs at
(umax , vmax , wmax ) = (ulook , vlook , wlook ) and minimum value (umin , vmin , wmin ) = (−ulook , −vlook , −wlook ).
For the triad of single-diaphragm cardioid proposed in
[2], the location of the mainlobe would point diametrically opposite the look direction for glook < 0 (i.e look directions
whose sum of direction cosine is less than zero), in its absolute magnitude pattern |B|. This problem is due to the inability of the constituent single-diaphragm cardioid microphones
to produce a rear cardioid pattern. The problem is solved by
the use of dual-diaphragm microphones.
The use of dual-diaphragm microphones operated in
multi-pattern mode requires a control signal to switch between the front or rear diaphragms when needed. Since
the pointing bias for the triad of single-diaphragm cardioid
microphones occurs when glook < 0 (beamformer’s parameter), and ξ < 0 (microphone parameter) selects the rear
diaphragm for the microphones, equating the two automates
the switching thereby eliminating the pointing bias as mathematically show subsequently.
By equating the diaphragm selector ξ to glook ,
two

(a) α = 0.25: hypercardioid.

B

=
=

(6)
(b) α = 0.25: standard cardioid.
Fig. 2. Polar plots of a versus ψ for (a) hypercardioid, and (b) standard cardioid showing both front and rear polar patterns.

where the ﬁrst, second, and third entries of the vector represent the gain patterns of the microphones in the x-, y -,
and z - directions, respectively; θ ∈ [0, π] is the polar angle measured from the positive z -axis and φ ∈ [0, 2π] is
the azimuth angle measured from the positive x-axis. The
above vector (2) does not contain a frequency term, as expected of the collocated sensor array. The collocation decoupled the frequency and direction of arrival information of
the array’s output. This has been proposed and studied for
single-diaphragm cardioid microphones (i.e ξ > 0) in [1, 2].
By deﬁning the direction cosines u := cos(φ) sin(θ), v :=
sin(φ) sin(θ), and w := cos(θ), the array manifold (2) is alternatively expressed as

⎡

a(u, v, w)

(3)

=

⎤
α + sign(ξ)(1 − α)u
⎣ α + sign(ξ)(1 − α)v ⎦
α + sign(ξ)(1 − α)w

The Array’s Beam-Pattern
A simple data-independent beamformer was proposed
and analyzed for a cardioid triad as [2]

⎡
⎤
⎤
cos(φlook ) sin(θlook )
ulook
⎣ vlook ⎦ := ⎣ sin(φlook ) sin(θlook ) ⎦
wlook
cos(θlook )
⎡

(4)

w

=

where θlook ∈ [0, π] and φlook ∈ [0, 2π] are the lookdirection’s polar angle and azimuth angles respectively. The
output of this beamformer

B
(5)

=
=

T

w a(u, v, w)
αglook + sign(ξ)(1 − α) (ulook u + vlook v
+wlook w)

where glook := ulook + vlook + wlook .
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αglook + sign(glook )(1 − α) (ulook u + vlook v
+wlook w)
sign(glook ) (α |glook | + (1 − α) (ulook u+
vlook v + wlook w))

The magnitude beampattern |B| studied in [2] was
shown to not always have a peak in all look directions (see
Section II.B of [2]). In this proposed array, there always exists
a peak in the magnitude pattern |B| for all look direction and
α as

(7)

B(u,v,w)=(ulook ,vlook ,wlook )

>

0

=⇒ α|glook | + (1 − α)
−(1 − α)
=⇒ |glook | >
α

>

0

which is true ∀glook and ∀α as the left hand side of (7) is
always positive and greater than its right hand side which is
always negative. Therefore, the beampattern of the orthogonal triad of dual-diaphragm cardioid microphones suffers no
pointing bias.
Half-Power Beam Width
The beampattern of the cardioid triad has been shown to
be rotationally symmetric about an axis from origin through
its mainlobe [1, 2]. The half-power beamwidth is also deﬁned here as the surface area of the spherical cap whose
base is the contour made by the half-power points on the
beampattern. For some values of α, all points on
√ the beam
pattern are above the half-power value (|Bmax |/ 2). Hence
the half-power beamwidth is deﬁned for only the values of α
and glook such that all points on the beam pattern are not
above the half-power value, i.e.

(8)

Bmin

≤

=⇒ |glook |

≤

√
Bmax / 2
√
2 + 1 (1 − α)
√
.
2−1 α

The condition
(8) will always hold ∀glook for only α ≤
√

2+1
√ √
√
≈ 0.7709. Therefore, all the
3( 2 − 1) + ( 2 + 1)
commercially available cardioids α = 0.25 –hypercardioid,
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Fig. 3. Plot of the beamwidth versus α and glook . The blank areas
depict regions
√ where all the points on the beampattern are greater
than Bmax / 2.

α ≈ 0.37 – supercardioid, α = 0.5 –standard cardioid, and
α = 0.7 – subcardioid are covered.
√
Given a sphere of radius |Bmax |/ 2, the half-power
beamwidth is the surface area of the spherical cap whose
base is the closed contour formed by the intersection of the
sphere and
√ the points on the beampattern’s mainlobe equal
to Bmax / 2. Thus, the beamwidth
(9)

BW

=

√
2−1
3
π√
(α|glook | + (1 − α)) .
2(1 − α)

Plot of the beamwidth BW versus α and glook is shown
in Fig. 3. The blank areas depict regions where√all the
points on the beampattern are greater than Bmax / 2, i.e.
the regions in the (α, glook )-space that violate the condition
given in (8). For any α, the beamwidth √
is minimum when
glook = 0 and maximum when |glook | = 3
. The |glook | 
=

√

3 translates to (ulook , vlook , wlook ) = ± √13 , √13 , √13 ,
which is equivalent to (θlook , φlook ) = (54.74◦ , 45◦ ) and
(θlook , φlook ) = (125.26◦ , 225◦ ) (see Fig. 4).

Fig. 5. Plot of the directivity versus α and glook .

tivity is deﬁned as
(10)

=

D

2
4πB(θ,φ)=(θ
look ,φlook )
.
 π  2π
2 dθ dφ
sin(θ)B
0 0

Substituting the beamformer output B from (6) and evaluating the integral (10)
(11)

D

=

3(α|glook | + (1 − α))2
(1 − α)2 + 3α2 |glook |2

Plot of the directivity versus α and glook is shown in Fig. 5 and
also plotted versus look direction’s polar angle θlook and azimuth angle φlook for different values of α in Fig. 6. The directivity of this array is symmetric about glook = 0, which determines the switching between front and rear diaphragm (see
Fig. 5). There is increase in variation with glook , (i.e. look direction) as the dynamic range of the directivity increases with
α (see Fig. 6c - Fig. 6d).
To determine the direction that gives the maximum and
minimum directivity, the ﬁrst derivative is used to obtain the
critical points, and second derivative test used to establish
the natures of the critical points. Hence, the maximum directivity occurs at

|glook |

(12)

=

(1 − α)
,
3α

with the value of 4. The minimum directivity occurs at
(13)

|glook |

=

0√

√

if α ∈ (0, 12 ( 3 − 1)]
√
,
3 if α ∈ ( 12 ( 3 − 1), 1)

√

with minimum values of D = 3 for α ∈ (0, 12 ( 3 − 1)],
√

2(1−α)2 +6 3α(1−α)

Fig. 4. Plot of the beamwidth versus look-direction polar angle θlook
and look-direction azimuth angle φlook for α = 0.25.

Directivity
The directivity of a sensor-array is the array’s directive
gain, in an isotropic noise ﬁeld, when the array is steered
towards a look direction (θlook , φlook ). The directivity of an
array is beamformer-dependent, and according to [16], direc-

√

for α ∈ ( 12 ( 3 − 1), 1).
and D = 1 +
9α2 +(1−α)2
Therefore, the least directivity which occurs when α = 1 is
equal to one which implies that the directivity never gets to
zero. This is because the microphone is switched to the other
diaphragm before getting to zero directivity. This feature is
not present in the directivity of the array discussed in [2].
The directivity of the tri-axial velocity sensor (also known
as acoustic vector sensor) is 3, and is constant over the polar and azimuth angle space. This can be obtained by setting α = 0 in (11). The cardioid triad proposed in this paper attains directivity as high as 4 is some look direction for
α ∈ (0, 1) i.e. excluding the ﬁgure-8 α = 0 and omnidirectional array α = 1, with some having directivity of 3 as the
least directivity. That is, D ≥ 3 if and only if |glook | ≤ 1−α
α ,a
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√

condition that is always true for only α ∈ (0, ( 3 − 1)/2]
which includes the hypercarioid and supercardioid microphones.The hypercardioid and supercardioid always outperform the ﬁgure-8 array in all look directions in terms of directivity. This is because they are less sensitive at their sides
and directly behind them, unlike the ﬁgure-8 that is equally
sensitive to sounds arriving from both front and rear, and also
is more sensitive on its sides compared to the hypercardioid
and supercardioid. The hypercardioid (α = 0.25) has more
of its directivity close to 4 as can be seen in Fig. 6a, and Fig. 5
where a line along α = 0.25 cuts more red part of the contour
than other values of α. With more of its directivity close to 4,
the hypercardioid triad is the best choice for speech pickup
in sound reinforcement systems as it provides the highest
rejection, relative to the look direction, of randomly arriving
reverberant sounds.

(a) α = 0.25: hypercardioid.

(b) α =

1
(
2

√

Conclusion
A data-independent beamformer has been proposed for
a collocated and orthogonal ﬁrst-order cardioid microphone
triad which exploits a feature of the dual-diaphragm cardioid microphone to eliminate the problem of limited polarazimuth space of the mainlobe of the spatial-matched-ﬁlter
beamformer. The control signal for switching between the
diaphragms of the constituent microphones is equated to the
sum of the direction cosines of the look direction of the beamformer making it possible to achieve the front-back symmetry
in the proporties of the beam pattern. The beamwidth and directivity of the array were derived and studied. The cardioid
array has higher directivity compared to the ﬁgure-8 tri-axial
sensor such as the acoustic velocity sensor, while exhibiting
higher beamwidth in some look direction of the beamformer.

3 − 1): supercardioid.
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(c) α = 0.5: standard cardioid.

(d) α = 0.7: sub cardioid.
Fig. 6. Plots of directivity D versus look direction’s polar angle θlook
and√azimuth angle φlook for (a) α = 0.25: hypercardioid, (b) α =
1
( 3 − 1): super cardioid, (c) α = 0.5: standard cardioid and (d)
2
α = 0.7: sub cardioid.
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