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Abstract. This paper presents some potential formulations which can be derived from the „quasi-static” Maxwell’s equations. The simulation results 
of the potential formulations are compared with each others focusing their CPU times and their accuracy – and with the measurement results, as 
well. The model –which was simulated - the TEAM workshop problem No. 7. The magnetic flux density and the eddy current were shown by the 
results of the simulation. 
 
Streszczenie.  W artykule przedstawiono sformułowania potencjałowe wyprowadzone z quasi-statycznych równań Maxwella. Wyniki  symulacji 
sformułowań potencjałowych są porównywane między sobą w aspekcie czasu CPU i dokładności oraz z wynikami pomiarów. Model symulowany w 
tej pracy pochodzi z katalogu problemów sformułowanych przez TEAM Workshop i ma numer 7. Pokazano strumień magnetyczny oraz prądy 
wirowe.(Rozwiązanie problem Nr 7 TEAM Workshop metodą elementów skończonych) 
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Introduction 
 The idea of the TEAM (testing electromagnetic analysis 
methods) exercises is issues to the Argonne National 
Laboratory. The aim of these initiations was to disperse and 
to propagate the usage of the numerical techniques. By 
resolving more types exercises the accuracy of the results 
can be confirmed. The benchmark problem No. 7 of the 
TEAM workshop consists of an aluminium plate with a hole 
and a coil [1-5]. The sketched model can be seen in Fig. 2. 
 

 
Fig.1. The drawn model 
 
 The coil is excited by a sinusoidal current which 
generates a time varying magnetic field in the vicinity of the 
coil. This field induces eddy currents inside a conducting 
material, which currents generate a magnetic field, and this 
field modifies the magnetic field supplied by the sources. 
The conductivity of the plate is 3,526x107  S/M. The source 
of the magnetic field is a sinusoidal current. The maximum 
ampere turn is 2742; the frequencies are 50Hz and 200Hz. 
 The benchmark problem No.7 has measurement results 
as well. One of the aims was simulating the measurement 
results, helped by the finite element methods, what can be 
derived from the potential formulations. The results were 
calculated by the help of some different potential 

formulations ( A,V - A
 

, ,T 

  ) [6-7]. The other aim was 

comparing these potential formulations with each other, and 
considering their CPU times and their accuracy with the 

measurements results. In this paper the comparisons and 
the potential formulations are also presented. 
 
Potential formulations 
 The eddy current field or the quasi-static magnetic field 
can be derived from the potential formulations more ways 

[7]. It can be derived from the magnetic vector potential A


 
which is expanded with the electric scalar potential V , 
respectively, it can be employed the current vector potential 

T


expanded with the reduced magnetic scalar potential  . 
In case of the quasi-static magnetic field the domains of the 
model can be divided (see in Fig.2.). 

 
Fig.2. Structure of an eddy current field problem 
 

Here c  means the conducting domain and n  means 

the non-conducting domain. The boundary of the eddy 

current free domain was signed by B , where the normal 

component of the magnetic flux is zero. The boundary of 

the eddy current domain was signed by E . In the case of 

this boundary the tangential component of the electric field 

is zero. The symmetry planes were signed by 
cH and

nH , 

where the tangential component of the magnetic field is 
zero. The potential formulations can be approximate with 
nodal elements or edge elements [7-8].  

 From the Maxwell’s equations the gauged A,V - A
 

 
potential formulation can be derived [7-8]. The applied 
Maxwell’s equations are 

(1)   c in H J  
 

,  
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(2)  n in H 0 ,  


 

(3)  cj  in E B ,   
 

  

(4)  0 in B ,  


 

(5)  0 in J .  


 
 

These linear static and “quasi-static” Maxwell’s 
equations can be used to simulate linear eddy current field 

problems. Here H


 is the magnetic field intensity, 0J


 is the 

source current density, J


 is the eddy current density, E


 is 

the electric field intensity, and finally B


 is the magnetic flux 
density. The magnetic vector potential can be described in 

the n  non-conducting domain and in the c  conducting 

domain as well, and the electric scalar potential can be 

described only the c  conducting domain. The magnetic 

field intensity can be described by 

(6)  
 

H = B,  
where   is the reluctivity. The eddy current density can be 
obtained,  

(7)  
 
J E,  

where   is the conductivity. The magnetic flux density can 
be expressed as 

(8)   


B A,  

which satisfies (4), because of the identity 0v   


 for 

any vector function  v v r
  

. Substituting (8) to the (1) and 

(2) and using the (6), constitutive relation can be obtained 
by the following partial differential equations, where 

0A = 


 Coulomb gauge is satisfied:  

(9)  
     

c

j

0 in ,

   A A V A

  

     

 

  
   

 

and 

(10)     0 nin .     
  
A A J      

Using the (3) and (8) equations for the electric scalar 
potential can be expressed as 

(11) j .  


E A V  

Substituting (11) to (7) and using (5) the following partial 
differential equation can be obtained: 

(12) cj 0 in .    


( ) ,A V       

The weak formulations from the partial differential equations 

(9), (10), and (12), in the case of the gauged A,V - A
 

 
potential formulation, are these follows: 

(13)   
c n

c

n

0

d

j d

d ,

 W A  W A 

 W V

W J

( ) ( )
 





         

    

  







  

 

 

 

    

and 

(14)  
c

N j d 0.


     


V      

 From the Maxwell’s equations, the ungauged A,V - A
 

 
potential formulation can be derived in the similar way. 
However in this case the source current density can be 
represented by [8] 

(15) 0 0 , 
 
J T  

where the current vector potential is 

(16) c0 in ,  

T    

or 

(17) 0 nin  
 
T J   . 

In the case of ungauged A,V - A
 

 potential formulation 
the Coulomb-gauge is satisfied automatically, consequently 
the equations (9) and (10) are changed: 

(18)     cj 0 in ,     
 
A A V       

and 

(19)   0 nin .    
 
A T     

The weak formulations the (18) and (19) partial 

differential equations in the case of the ungauged A,V - A
 

 
potential formulation are the follows: 

(20)  

 

c n

c

n

0

d

j d

d .

 W A  

 W V  

T W  

( ) ( )
 





     

    

   









 

 



    

The other weak form is equal to the (14) equation. 

From the Maxwell’s equations the gauged ,T 

   

potential formulation can be derived as well, but in this case 
the equation of the magnetic field intensity can be 
separated into two different parts [7-8] as 

(21) 0 m 
  

H T H , 

where 0T


 current vector potential can be described by 

(22) 0 
 
T J ,  

and mH


 magnetic field intensity can be described by 

(23)  


mH 0, 
and 

(24) m . 


H Φ  

By applying (7) and (22) equations the electric field intensity 
can be obtained, 

(25) 
1

 
 
E T .

σ
 

The following partial differential equations can be obtained 
employing (4), (6) and (24), where Coulomb gauge is 
satisfied 

(26) 

0 0 0 0 c

1 1

j j j in

   T T

T T   ,

         
   

    

 

 
 

     
 

and 

(27)    0 0 0 0 cin     
 
T Φ T   .    
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The weak formulations from (26) and (27) partial 

differential equations in the case of the gauged ,T 

   

potential formulation are the follows: 

(28)

       
c

c

c

0 0

0 0

1 1
d

j j d

j d







         

    

  







   

  

 

.  W T W T  
σ σ

μ W T μ W ω Φ 

μ W T

 

 
and 

(29) 

c c

n

c n

0 0

0

j d j d

j d

j d j d0 0

   μ ωT N μ N ωΦ 

μ N ωΦ 

μ ωT N μ ωT N .

 



 

    

   

    

 



 

  



   

 

The reduced magnetic scalar potential   can be 

described in the nonconducting domain n  and in the  

conducting domain c  as well, and the T


 current vector 

potential can be described only the c  conducting domain. 

 From the Maxwell’s equations the ungauged ,T 

   

potential formulation can be derived the similar way. In this 
case the (27) equation is not changed. In the case of the 

ungauged ,T 

   potential formulation the Coulomb-

gauge is satisfied automatically, consequently (26) is 
changed as [7-8] 

(30) 
0 0

0 0 c

1
j j

j in

   T T

T   .

     
 

  

 


   



 
 

The weak formulations the (26) and (27) partial 

differential equations in the case of the ungauged A,V - A
 

 
potential formulation are the follows: 

(31) 

   
c

c

c

0 0

0 0

1
d

j j d

j d

  W T  
σ

μ W T μ W ω Φ 

μ W T  

.






     

    

  







 

  

 

 

The other weak form is equal to the equation (29). 
 
Simulation results 
 The simulations were have been prepared with in the 
frame of the COMSOL Multiphysics software on a SUN 
server, which includes 2x2,6 GHz processor and 32GB 
memory. Design of the model is very simple by this 

software. For employing of the ,T 

   potential 

formulation, the nonconducting hole must be replaced with 
a conducting material, which has a very small conductivity. 
Only in this case can be the model calculated [9-11]. 

 Fig. 3. shows the scheme of the model with the 
simulation places. The frequencies of the exciting coil are 
50 and 200 Hz. The experimental data of the eddy current 
density and the magnetic flux density have been presented 
at specified locations. The eddy current density was 
simulated along the lines A3-B3, on the upper surface of the 
conductor and A4-B4 on the bottom surface of the 
conductor. The magnetic flux density was simulated along 
the lines A1-B1 and A2-B2 at the middle of the exciting coil 
and the conductor. 

 
Fig.3. Computation model of Problem 7. 
 

The simulation results were compared according to 
more viewpoints. The first one was comparing to the 
potential formulations with each others, considering their 
CPU times. The second was comparing to the potential 
formulations with each others, considering accuracy, with 
the measurement result. Table I shows the data of the 
simulation summed up, when the frequency is 50Hz. 
  
Table 1. Parameters of the simulation (50Hz) 

Method A,V - A
 

 A,V - A
 

 ,T 

   ,T 


   

 nodal vector nodal vector 
Frequency(Hz) 50 50 50 50 

Degrees of 
freedom 

684349 924130 274513 286186 

Iteration 1524 195 386 328 
CPU time 

(sec) 
8223 1883 403 489 

 
The CPU time was smaller when the ,T 


  potential 

formulations were employed, than in the case of the 

A,V - A
 

 potential formulations, in 50Hz. Usage of the 

,T 

  potential formulations were calculated with fewer 

degrees of freedom, like the A,V - A
 

potential formulations. 
The reason of the fewer degrees of freedom is that in the 

case of employing the ,T 

  potential formulations, in 

the non-conducting domain can be calculated with scalar 
variables. The Table II shows the data of the simulation 
summed up when the frequency is 200Hz. 
 
Table 2.Parameters of the simulation (200Hz) 

Method A,V - A
 

 A,V - A
 

 ,T 

   ,T 


   

 nodal vector nodal vector 
Frequency(Hz) 200 200 200 200 

Degrees of 
freedom 

684349 924130 274513 286186 

Iteration 5403 204 420 400 
CPU time 

(sec) 
16102 1900 442 567 
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 Using 200Hz the comparisons of the results were given 
similar results. The results were indicated, that with using 

,T 

   potential formulations in the simulation, are 

worthier because it gave the results faster. The density of 
the generated meshes was similar in cases of every 
simulation. 
 The other viewpoint was the correspondence with the 
results of the measurements. Fig. 4. shows the z 
component of the magnetic flux density, in the case of 

A,V - A
 

 potential formulations with 50Hz and 200Hz 
excitation compared with the measurement results as well. 

      
Fig.4. The comparison of the measurement results with the 

A,V - A
 

 simulation results 

 
It is visible, that there isn’t noticeable difference between 
accuracy of the several potential formulations.  
 Fig. 5. shows the z component of the magnetic flux 

density, in the case of ,T 

   potential formulations with 

50Hz and 200Hz excitation compared with the 
measurement results as well.  

      
Fig.5. The comparison of the measurement results with the 

,T 

   simulation results 

 
There is no noticeable difference between accuracy of 

the several potential formulations neither than the 
previously case.  
 Fig. 6. shows the y component of the changing of the 

eddy current in case of A,V - A
 

 potential formulations with 
50 and 200 Hz excitation compared with the measurement 
results as well. 

      
Fig.6. The comparison of the measurement results with the 

A,V - A
 

 simulation results 
 

It is visible, that there is not noticeable difference 
between accuracy of the several potential formulations, like 
the previously case.  

Fig. 7. shows the y component of the changing of the 

eddy current in case of A,V - A
 

 potential formulations with 
50 and 200 Hz excitation compared with the measurement 
results as well. 

      
Fig.7. The comparison of the measurement results with the 

,T 

   simulation results 

 
There is no noticeable difference between accuracy of 

the several potential formulations neither than the 
previously case.  
 The conclusion is that the simulation results are very 
similar to the case of using each potential formulation with 
the measurement results. 
 
Simulation results 

Some potential formulations were compared with each 
others, in connection with an international problem. With the 

usage of ,T 

   formulations the results can be 

calculated faster, and the accuracy of the calculations was 

the same. So it seems that using ,T 

   formulations are 

better, than the A,V - A
 

 formulation, but it is not easier, 

because when the A,V - A
 

 potential formulation should be 
used, the non-conducting hole must be replaced with a 
conducting material with very small conductivity. Only in this 
case can be the model calculated 
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